We suggest a simple and presumably general procedure to construct formal transformations from (Lie) group covariant Heisenberg algebras into quantum group covariant ones by using Drinfel'd twist. The procedure is successfully applied to general triangular deformations of Lie groups and to the quantum group U q sl(2). Some consequences at the representation level, focusing on the statistics issue, are derived: e.g. when q ∈ R some representations describe particles with standard Bose or Fermi statistics.
Introduction
In recent years the idea of quantum groups [1] as candidates for generalized symmetry transformations in Quantum Field Theory has raised an increasing interest. One way to implement this idea is to deform [2] canonical commutation relations (CCR) of fields in such a way that they become quantum group covariant (QCR). This sometimes has drastic consequences at the representation level: In Ref. [2] Pusz and Woronowicz showed that, contrary to the classical case (as governed by Von Neumann's theorem) there exist many unitarily non-equivalent irreducible representations of the SU q (N)-covariant (q ∈ R + ) bosonic Heisenberg algebra on separable Hilbert spaces ; up to our knowledge, the associated statistics-issue has not been clarified so far. On the other hand, when q is a root of unity new kind of representations without classical counterpart appear, which may be used to construct quantum field theories describing anyons [3] .
In order to throw light on the relation (or contrast) between classical and quantum group covariant representations we ask whether it is possible to formally construct quantum group covariant objects A i , A In this work we affirmatively answer this question for the simplest true quantum group, U q sl(2, C) (sticking to A [5, 6] (intertwining, in these cases, the classical commutative coproducts to the noncommutative ones) and on the fact that on the enveloping algebra of the A i c , A c+ j one can realize both the classical and quantum group action in an 'adjoint-like' way. Actually, we show (Section 3) that F can be used in a universal way to transform group tensors into quantum group tensors, i.e. group covariant into quantum group covariant objects. Due to the limited knowledge about F in the other cases, only in the above mentioned cases we succed 1 This might at first seem impossible, since the modules of a quantum group, like the quantumhyperplane algebras A 1 , A 2 generated respectively by the A i 's, or by the A + i 's, live in a braided monoidal category (rather than in a tensor one, like the A i c , A c+ j ). However, taking the braided tensor product [4] of A 1 with its contragredient partner A 2 is a somewhat special case, and a positive answer could not be apriori excluded.
(Sections 4, 5) to fix a residual freedom in the choice of T in order that the A i , A + j satisfy the QCR; nevertheless, we believe that this is possible in the general case as well, and hope to report progress in this direction elsewhere.
At the representation level, T and its formal inverse T −1 should manifest themselves as transformations of operators. But the possible discrepancy between the number of representations of the CCR and of the QCR (occurring e.g. in the PuszWoronowicz case) makes it necessary to ask on which representations T , T −1 are really well-defined.
The transformation T from the Usu(2)-covariant bosonic A i c , A c+ j to the corresponding U q su(2)-covariant A i , A + j is indeed well-defined on the standard bosonic Fock representation; this allows to identify the latter with one of the many PuszWoronowicz [2] representations, namely the well-known one, introduced independently also by Biedenharn and Macfarlane [7] , which roughly speaking is obtained from the classical one by replacing integers with q-integers. This representation is also the only one on which T is invertible (thus explaining why all the remaining ones have no classical counterpart).
As for the fermionic case, T is well-defined on the standard fermionic Fock representation; this allows to identify the latter with the (unique) representation [8] of the fermionic QCR.
These representations thus provide an example of the fact that also at the quantization-of-field level quantum group symmetries are not necessarily incompatible with Bose and Fermi Statistics (contrary to what is often claimed). The latter issue was already dealt with at the first-quantization level in Ref. [9] , and constitutes our original motivation for the present work. The connection between the two approaches through second quantization will be described elsewhere.
Finally, when q is a root of unity the formal algebraic transformation from
+ j realizes a (non-invertible) mapping from the classical Fock representation onto an 'anyonic'; therefore, the latter can be seen as a sub-representation of the former.
Preliminaries and notation

Twisting groups into quantum groups
Let (Ug , m, ∆ c , ε, S c ) be the cocommutative Hopf algebra associated with the universal enveloping (UE) algebra Ug of a Lie algebra g . The symbol m denotes the multiplication (in the sequel it will be dropped in the obvious way m(a⊗b) ≡ ab, unless explicitly required), whereas ∆ c , ε, S c the comultiplication, counit and antipode respectively. For practical purposes it will be often convenient to use the Sweedler's notation ∆(x) ≡ x (1) ⊗ x (2) for the coproduct (in the RHS a sum i x i (1) ⊗ x i (2) of many terms is implicitly understood); similarly, we will use the Sweedler's notation
] (we will write F = F (1) ⊗F (2) , in a Sweedler's notation with upper indices) is a 'twist', i.e. an invertible element satisfying the
hereh ∈ C is the deformation parameter. It is well known [5] that if F also satisfies the relation
then one can construct a triangular non-cocommutative Hopf algebra (Ug , m, ∆, ε,-S, R ) having the same algebra structure (Ug , m), the same counit ε, comultiplication and antipode defined by
where γ ∈ Ug is any of the invertible elements γ i defined by 4) and (triangular) universal R-matrix
The inverse of S is given by S −1 (a) = γ ′ S c (a)γ ′−1 , where γ ′ ∈ Ug is any of the invertible elements γ i defined by
The choice of γ, γ ′ is irrelevant because
Condition (2.2) ensures that ∆ is coassociative as ∆ c .
We will often use a 'tensor notation' for our formulae: eq. (2.2) will read 9) where {h i } is a basis in the Cartan subalgebra of g and ω ij = −ω ij ∈ C.
A well-known theorem by Drinfel'd [6] essentially proves, for any quasitriangular 
c (Ug ), thus explaining why ∆ is coassociative in this case, too. The corresponding universal (quasitriangular) R-matrix R is related to F by 10) where t := ∆ c (C) − 1 ⊗ C − C ⊗ 1 is the canonical invariant element in Ug ⊗ Ug (C is the quadratic Casimir).
In the sequel, we will use barred indices to distinguish in Sweedler's notation ∆ from ∆ c :
A special case of interest is when Ug is a * -Hopf algebra and F is unitary,
note that in this case
It is easy to realize [11] that F can always be made unitary if g is compact.
Classically covariant creators and annihilators
Let A be the algebra generated by elements {A +c i } i∈I and {A j c } j∈I satisfying the (anti)commutation relations
(the ± sign denotes commutators and anticommutators respectively), belonging respectively to some irreducible representation ρ and to its contragradient ρ
Equivalently, one says that
A is a (left) module of (Ug , 
for all X ∈ g , one finds that σ : g → A is a Lie algebra homomorphism, so that σ can be extended to all of Ug as an algebra homomorphism σ : Ug → A; on the unit element we will set σ(1 U g ) := 1 A . σ can be seen as the generalization of the Jordan-Schwinger realization of su(2) [12] .
Then it is easy to check the following
way:
In the special case of interest of a compact section g (with * -structure " * ") one can introduce in A a * -structure, the 'hermitean conjugation' (which we will denote by † ), such that
Correspondingly, ρ is a * -representation (ρ • * = * • ρ T ) and σ becomes a * -
Quantum covariant creators and annihilators
On the other hand, it is straightforward to check that the definition
allows to define the "quantum" (left) action of
However, A 
precisely belong respectively to the irreducible representations ρ and to its quantum contragredient one
Proof. Due to relation (2.3), F is an intertwiner between ∆ and ∆ c :
Applying id ⊗ S c on both sides of the equation and multiplying the result by 1 ⊗ γ 1 from the right we find [with the help of relation (2.4)]
Applying σ ⊗ σ to both sides and sandwiching A +c i between the two tensor factors we find
which, together with equation (2.18), proves the first relation.
To prove the second relation, let us note that relation (2.3) implies an analogous 
where γ ′′ := S c (γ ′ −1 ); whence, reasoning as for the first relation, Remark 2 Note that in the * -Hopf algebra case eq. (2.19) implies
Remark 3 Under the right action ⊳ (a ⊳ x := (S −1 x) ⊲ a with a ∈ A, x ∈ Ug ) the covariance properties of
To conclude this section, let us give useful alternative expressions for A 
Proposition 2 In the triangular case the definitions (3.2) with
(3.11)
for all x ∈ Ug , a ∈ A, we find from relations (3.2) and (2.15)
(1) ) l i (3.14)
On the other hand, applying m 23 (id⊗id ⊗S c ) to eq. (2.8), multiplying the result by Similarly one proves the other relations. Relations (3.11) 3 , (3.11) 4 , can be found also more directly starting from relations (3.11) 1 , (3.11) 2 by observing that in the unitary-F case they follow from the latter two by applying the hermitean conjugation. ♦ Remark 4. In the general quasitriangular case, one can prove 2 that definitions (3.2) (even when F is replaced by F T , with T as in Remark 1) imply
(3.17)
where Q := F T ′ and T ′ ∈ Ug ⊗ Ug is also invertible and g -invariant.
2 The proof is not difficult and will be given elsewhere 
where R is the (numerical) quantum R-matrix of Ug in the representation ρ,
P roof . Beside eq.'s (3.11), we will need their 'inverse' relations:
Using eq.'s (3.11),
(1) 
(2) ) (4.7)
which replaced in the definition of G [using the definition (2.5)] give G = R 13 ; this proves eq. (4.1).
As for relation (4.2),
(
But we have already shown that G = R 13 ; now, for any quasitriangular Hopf algebra (id ⊗ S)R −1 = R , whence relation (4.2) follows.
Similarly one can prove relation (4.3), which can be found also more directly by observing that in the unitary-F case it follows from the previous one by applying the hermitean conjugation and by noting that R † = R 21 . ♦
Remark 5. A given representation Γ of the classical commutation relations (CCR) (2.13) will be also a representation of the quantum (or 'deformed') commutation relations (QCR) (4.1), (4.2), (4.3), unless the abstract transformation (3.2)
becomes singular on Γ. In particular, in the compact case, assuming F unitary and relations (3.9), the QCR admit the bosonic/fermionic Fock-space representation.
Note that, with the above choice of σ, 
as well as U q g -quantum plane relations among the A i 's and among the A + j 's respectively.
We will stick to the case g = sl(2, C), ρ ≡fundamental representation.
We fix our conventions as follows. As 'classical' generators we choose j 0 , j
as 'quantum' generators we choose J 0 , J
Let us recall incidentally that, at the algebra level, an explicit mapping [13] from the former to the latter reads been determined in Ref. [14] and reads
where a(j, j 0 ) := q j−j 0 2
See formulae (3.1), (3.30) in Ref. [14] . To match our conventions with theirs, one has to rescale j ± by √ 2 and note that the right correspondence between our notation and theirs is F ≡ F q ↔ U q −1 , what is needed to match the coproducts. . A +c ↑ |0 = | ↑ etc. All indices in the sequel will run over {↑, ↓}. F is unitary w.r.t. the su(2) * -structure
The homorphism σ in this case coincides with the well known Jordan-Schwinger realization of sl (2) [12] and reads
implying in particular The bosonic U q sl(2)-covariant annihilators/creators (which we will denote here bỹ
were introduced by Pusz and Woronowicz in Ref. [2] 4 , and then treated by many other authors. One can consider also their fermionic versions [8] .
In R-matrix notation their 'quantum' commutation relations read 14) where the sign ± refers to Bosons and Fermions respectively and
They are related by an algebraic transformation to the maybe better known BiedenharnMacfarlane ones [7] ; the difference is that the spin-up creators/annihilators of the latter commute with the corresponding spin-down ones. 5 The 'braiding' (5.12) betweenÃ i ,Ã + j could be also replaced by the inverse oneÃ
The row and columns of the matrix (5.15) are ordered in the usual way: ↑↑, ↑↓, ↓↑, ↓↓ from left to right and from up to down.
More explicitly, the 'bosonic' QCR (5.12) -(5.14) read
and the 'fermionic'Ã Now we try to realize within A objects A + i , A j with the same properties as
The general ansatz of Remark 1 is equivalent 6 to the one 
one easily finds
This is nothing else but the function [15] needed to transform the classical creation/annihilation operators in one dimension A +c , A c into the quantum ones A + , A.
If we are interested in Fock space representations, eq. (4.10), stating that the quantum and classical one-particle state coincide, is automatically satisfied, because Using Eq.'s (5.7), (5.8), (5.9), (5.21), it is easy algebra 7 to prove the following 25) and in the 'fermionic' one, to
Lemma 2 Equations (5.21) amount, in the 'bosonic' case, to
We are ready for the main theorem of this section (the proof is a straightforward computation). (5.23) formally satisfy the QCR (5.12) -(5.14).
Theorem 2 The elements
A i A + j ∈ A (A bosonic/fermionic) defined in formulae (5.21),
Representation theory
The transformations (5.25), (5.26) are well-defined (at least for smallh = log q) as transformations of operators on the bosonic, fermionic Fock space H B , H F respectively. Therefore the QCR admit a representation on the standard (bosonic or fermionic) Fock space. 7 In the fermionic case one has to fully exploit the nilpotency of A While the unitary representations of the CCR on separable Hilbert spaces are all unitarily equivalent (by Von Neumann's theorem) and admit a ground state, it was proved in Ref. [2] that there are many non-equivalent representations on separable Hilbert spaces of the U q su(2)-covariant (q ∈ R + ) bosonic QCR. Out of them, the well-known representation described also by Biedenharn and Macfarlane [7] ) is the only nondegenerate one with a ground state. Now, from our transformation (5.25), we will check that the latter in fact is the classical bosonic representation, on one hand, and we will understand why the remaining ones disappear from the representation theory of the CCR, on the other.
Sticking to the case 0 < q < 1, the Woronowicz-Pusz [2] unitarily inequivalent irreducible representations on separable Hilbert spaces H E,r,s of the (U q su(2)-covariant) QCR (5.16) -(5.17) are parametrized by E, r, s, where q 2 < E < 1, and r, s are nonnegative integers with r + s ≤ 2. We divide them in the following classes for clarity:
1. In the representation s = 2 (and r = 0, the value E is irrelevant) one parametrizes the vectors of an orthonormal basis of H E,0,2 by {|
2. In the representations with s = 1 = r, one parametrizes the vectors of an orthonormal basis of H E,1,1 by {|q 2n 1 E,
3. In the representations with s = 1, r = 0, one parametrizes the vectors of an orthonormal basis of H E,0,1 by {|0,
4. In the representations with s = 0, r = 2, one parametrizes the vectors of an orthonormal basis of H E,2,0 by {|q
5. Finally, in the representations with s = 0, r = 1, one parametrizes the vectors of an orthonormal basis of H E,1,0 by {|q
Here n 1 , n 2 ; m 1 , m 2 denote integers, with m 1 ≥ m 2 ≥ 0, n 1 < n 2 . Only representations 1, 3 have a ground state; but representation 3 is degenerate.
On the vectors |η ↑ , η ↓ of the above basis of either H E,r,s ,Ã i ,Ã + i , i =↑, ↓, are defined (modulo a possible but here irrelevant phase in the case r + s < 2) bỹ
whence we find that |η ↑ , η ↓ are eigenvectors ofÑ ↑ ,Ñ ↓ :
On the basis vectors of representation 1
we recognize essentially the Biedenharn-Macfarlane representation, with m 1 ∈ N labelling the energy levels of the system of q-oscillators. Formally, the inverse of the transformation (5.25) reads
It is immediate to verify that the vectors
The eigenvalues ofÑ ↑ ,Ñ ↓ on the basis vectors of representation 1 are q 2 -integers, and this makes the arguments of the logarithms in the inverse transformation (5.30) equal to q-powers, i.e. well-defined.
On the other hand, it is immediate to realize that the inverse transformation (5.30) is ill-defined on the remaining representation (it is either divergent or suffers from polidromy): the eigenvalues ofÑ ↑ ,Ñ ↓ on any representations 2, 4, 5 make the argument of one or more logarithms negative or vanishing.
We conclude that representation 1 is equivalent to the standard bosonic Fock representation of the su(2)-covariant commutation relations (at least up to completeness issues to be studied elsewhere), whereas the representations of the classes 2,4,5 have no classical analog, and representation 3 reduces to the representation of a 1-dimensional Heisenberg algebra.
As for the fermionic QCR, it was shown [8] that (up to unitary equivalences) there exists only one Hilbert space representation, and this is of tipe 1. It is easy to show, in analogy with the bosonic case, that this is nothing but the standard fermionic Fock representation of the su(2)-covariant commutation relations.
Passing to the case that q is a root of unity (q 2p = 1, q 2h = 1 if h < p, p, h ∈ N), it is easy to realize that (N 
